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Abstract 10 

Unexpected expansion can be a cause of damage in quasi-brittle materials such as 11 

concrete, fired clays or rocks. Such expansions can be due to chemical reactions (alkali-12 

silica reaction – ASR, sulfate attack) or physical phenomena (frost, transport of fluids). 13 

Expansion is caused by two main mechanisms: matrix deformation due to the pressure 14 

initiated by the formation of new phases in the porosity of the material, and matrix 15 

cracking, which increases the apparent swelling of the matrix. In this work, a 16 

poromechanical model is proposed to reproduce expansion in materials resulting from 17 

single or multiple pressures. In this model, plastic deformation is used to represent 18 

permanent strain due to diffuse cracking induced by the pressure. In the case of 19 

expansion in quasi-brittle materials, the permanent deformations induced by the pressure 20 

are anisotropic to take account of the impact of the initial material anisotropy and stress 21 

anisotropy on cracking. The model is then coupled with a damage model and used to 22 

evaluate the opening of localized cracks due to a pressure gradient in a laboratory 23 

specimen. 24 
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1. Introduction 30 

Damage due to expansion in materials decreases the service life of structures. 31 

Unexpected expansion can be responsible for cracking in concrete, fired clays or other 32 

quasi-brittle materials and mechanical modelling should be able to evaluate their 33 

behaviour at material and structure scales. External or internal chemical attacks (Alkali-34 

Silica Reaction – ASR [1], Delayed Ettringite Formation – DEF [2], external sulfate 35 

attack [3], expansion of resins embedded in quasi-brittle materials [4]) or physical 36 

phenomena (frost [5]) can be the cause of such swelling and lead to a decrease in the 37 

strength of the materials affected. For quasi-brittle materials, irreversible deformation due 38 

to cracking induced by pressure is the main cause of the positive strain of expansion. The 39 

balance between local stresses around expansive new phases and stresses due to external 40 

loading leads to anisotropic cracking. Given the dependence of the pressure on 41 

environmental conditions, the development of such expansions can also lead to 42 

deformation gradients both in real structures and in specimens studied under laboratory 43 

conditions. The consequence is the opening of localized cracks on the skin of the 44 

concrete. 45 

Modelling should be able to distinguish and to assess the contribution of each 46 

mechanism: pressure, diffuse cracking due to material damage, and localized cracking 47 

due to pressure gradient. 48 

In this work, a poromechanical model is proposed and used to quantify expansion in 49 

concrete. First, the determination of the pressure according to the volume increase of new 50 

phases in the material is described within the framework of poromechanics [6], [7]. In 51 

particular, the case of alkali-silica reaction, for which pressure occurs in inclusions 52 

(aggregate) embedded in the material (concrete) is addressed as a case for which up-53 

scaling and multiple pressures should be considered. Plasticity is commonly used to 54 

represent permanent strain of quasi-brittle materials [8], [9]. In the present work, plastic 55 

deformation is adopted to model the permanent strain due to the diffuse cracking caused 56 

by the pressure. The criteria associated with these deformations are orthotropic so as to 57 
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consider the impact of an anisotropic stress state on expansions [10], [11]. The model is 58 

then used to reproduce the swelling anisotropy induced either by the anisotropic initial 59 

strength of certain materials, or by the anisotropy due to the stress state. The analysis 60 

highlights the importance of cracking in the mechanisms of expansion in concrete. 61 

2. Pressure 62 

Because of their low strength in tension, the elastic deformation of quasi-brittle materials 63 

under internal pressure is small. Cracking thus plays an important role in deformations 64 

and has to be accurately determined. After cracking, the evolution of irreversible 65 

deformation under the effect of expansive phases is still driven by their pressures. 66 

Therefore, the same care has to be taken when evaluating pressure or anisotropic 67 

permanent strains corresponding to the induced cracking. 68 

2.1 Pressure due to the formation of new phases 69 

The pressure induced by the formation of new phases in materials depends on the amount 70 

and the nature of the reactive components [12]–[21], on the structure of the material 71 

porosity [22]–[25] and on the capability of the porous material to tolerate induced 72 

tension. The interactions between the swelling inclusions and the matrix determine the 73 

pressure developed in the swelling phase. In this work, the pressure, 𝑝𝑖, in the porous 74 

material due to inclusion i is determined in the framework of poromechanics [6], [7] 75 

through the following equation: 76 

𝑝𝑖 = 𝑀𝑖 ∙ (𝜑𝑖 − 𝜑𝑖
0 − 𝜑𝑝 − 𝜑𝑐𝑟) (1) 

with: 77 

𝑀𝑖 the Biot Modulus related to the inclusions, 78 

𝜑𝑖, the volumetric fraction of porosity filled by the inclusions related to the skeleton 79 

deformation [23]. It can be assessed from the growth of the new phases in relation to 80 

crystallization pressure [12], [13], [23] or to the volume produced by chemical reaction 81 

[14], [26]. 82 

𝜑𝑖
0 is the volumetric fraction of new phases leading to little expansion during the reaction 83 

for mechanical reasons (migration in porosity [25], [27]–[29], formation in pores too 84 
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large to induce pressure [14], [22], [30]) or chemical reasons (composition of the phases 85 

[31]–[33] or non-expansive surface absorption [34]). It is taken to be proportional to the 86 

pressure: 87 

𝜑𝑖
0 = 𝜑𝑟𝑒𝑓 ∙

𝑝𝑖
𝑝𝑟𝑒𝑓

 
(2) 

𝜑𝑟𝑒𝑓 is a reference volume. It corresponds to the volume of new phases formed for the 88 

pressure 𝑝𝑟𝑒𝑓 that leads to the first cracking at material scale in free swelling conditions. 89 

It can be related to the pore distribution [14], [27] or be calibrated to obtain the delay at 90 

the beginning of the expansion curve. 91 

𝜑𝑝  is the volumetric deformation – due to elasticity – of porosity filled by the inclusion 92 

of new phases, and delayed deformation (diffuse cracking due to the pressure and 93 

structural cracks are not considered in this term but in 𝜑𝑐𝑟 as explained below), which 94 

can be calculated with 𝑏𝑖, the Biot coefficient related to the expansive inclusions: 95 

𝜑𝑝 = 𝑏𝑖 ∙ (𝜀 − 𝜀𝑐𝑟 − 𝜀𝑎𝑛) (3) 

Here, 𝜀 is the mechanical deformation of the porous material, and 𝜀𝑐𝑟 its deformation due 96 

to cracking induced by the pressure. The impact of 𝜀𝑐𝑟 on pressure is considered in (1) 97 

with an interaction coefficient of 1, and thus greater than the Biot coefficient used in (3). 98 

𝜀𝑎𝑛 is the deformation due to structural cracks that are not connected to the sites of 99 

formation of inclusions and so cannot have a direct impact on the pressure. 100 

In equation (1), 𝜑𝑐𝑟 is the volume of diffuse cracks caused by the pressure; it is equal to 101 

the volumetric deformation of the porous material due to the diffuse cracking 𝜀𝑐𝑟. In this 102 

equation, for the sake of simplicity, this volume is assumed to be totally filled by the new 103 

phases. The main assumption of the model is then that the new phases can migrate only 104 

toward the cracks they have themselves created. 105 

The role of 𝜑𝑐𝑟 in Equation (1) is particularly important for the modelling of such 106 

phenomena. If at least one direction is free of compressive stress in the material, the 107 

pressure 𝑝𝑖 cannot increase very greatly as cracking is possible perpendicularly to the free 108 

direction. This is taken into account through 𝜑𝑐𝑟. If 𝜑𝑐𝑟 increases, the stabilization of the 109 

pressure 𝑝𝑖 can be obtained. This stabilization of the pressure is necessary to obtain 110 
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realistic stress in cases of restraint, as observed in experimentally [30], [35]–[38]. This 111 

point is highlighted in the part that focuses on cracking. 112 

 113 

𝑀𝑖 , the Biot Modulus related to the inclusions, depends on the volume of new phases 𝜑𝑖 114 

and on the mechanical properties of the matrix (bulk modulus 𝐾𝑚) and the inclusions [6], 115 

[7], [24]. 𝑚 is the subscript related to the matrix, including solid and porosity that is not 116 

filled by the new phase inclusions. It is evaluated with the following equation: 117 

1

𝑀𝑖
=
𝑏𝑖 − 𝜑𝑖
𝐾𝑚

+
𝜑𝑖
𝐾𝑖

 
(4) 

If the new phases are taken to be spherical and embedded in a homogeneously solid 118 

matrix [24]; 𝑏𝑖, the Biot coefficient related to the inclusion, can be estimated using a 119 

Mori-Tanaka scheme for the estimation of the bulk modulus, 𝐾, of the porous material 120 

[39]: 121 

𝑏𝑖 = 1 −
𝐾

𝐾𝑚
=
𝜑𝑖(3𝐾𝑚 + 4µ𝑚)

(3𝐾𝑚𝜑𝑖 + 4µ𝑚)
 

(5) 

with µ𝑚, the shear modulus of the matrix. 122 

For simplicity, the Biot coefficient is evaluated in a linear context here, from the 123 

mechanical properties and volumes of inclusions (Equation (5)) without consideration of 124 

the shape of the porosity filled by the new phases. More precise quantification could be 125 

obtained by taking account of the shape of filled cracks as proposed in [26], [27], [40]. In 126 

the present work, the non-linearity due to the combination with diffuse cracking caused 127 

by pressure, creep [41] and structural damage [42] is considered differently, by resorting 128 

to damage theory [53]. 129 

The advancement of the new phases production can be evaluated with physicochemical 130 

considerations or empirical laws. The aim of the paper is to focus on mechanical 131 

considerations. As the chemical advancement is usually not impacted by mechanical 132 

conditions in the case of the expansion due to new phases formation in concrete [43], the 133 

chemical advancement can be separated of the mechanical problem. The equations 134 

presented in this paper can thus be used whatever the approach applied to determine the 135 

chemical advancement (theoretical or empirical approaches [12], [15], [17], [18], [20], 136 

[21], [25], [44]). 137 
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The volumetric fraction of porosity filled by the inclusions can be considered as a data 138 

and its determination is summed up by the following equation: 139 

𝜑𝑖(𝑡) = 𝑛𝑖
𝑚𝑎𝑥 ∙ 𝜑𝑖

𝑚𝑜𝑙 ∙ 𝐴(𝑡) (6) 

With 𝑛𝑖
𝑚𝑎𝑥, the maximal number of moles of the new products which can be formed in 140 

the material, 𝜑𝑖
𝑚𝑜𝑙, the molar volume of the new phases and 𝐴(𝑡), the advancement of the 141 

reaction. 142 

2.2 Case of porous materials embedded in another material 143 

In some cases, the expansive inclusions can be formed in porous materials embedded in 144 

other materials. For example, Alkali-Silica Reaction (ASR) expansion can occur in 145 

aggregates embedded in concrete [45]–[48]. In this situation, scale-up is necessary to 146 

evaluate, firstly, the impact of the formation of new phases on the lower scale matrix (LS 147 

in Figure 1, for example the aggregate) and, secondly, the impact of the pressure of the 148 

lower scale matrix on the macro scale (MS in Figure 1, for example, the concrete). The 149 

volumetric fraction of the embedded material per volume of the macro scale material is 150 

referenced as 𝜑𝑎 . Moreover, the material embedded in the macro scale material can have 151 

different sizes and volumetric fractions and lead to multiple pressures [4], [27]. The 152 

pressure of each fraction 𝑝𝑎 is different and should be evaluated separately. 153 

 

Figure 1: Porous material (Lower Scale, LS) embedded in another porous material 

(Macro Scale, MS) 
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The three equations of the multi-scale approach used to evaluate the pressure due to the 154 

new phases 𝑝𝑛𝑝 on the lower scale matrix (Equation (7)), the resulting pressure of the 155 

lower scale 𝑝𝑎 on the macro scale (Equation (8)) and finally the action of the multiple 156 

pressures 𝑝𝑎 of the lower scale matrix on the macro scale (Equation (9)) are: 157 

{
 

 𝑝𝑛𝑝 = 𝑀𝑛𝑝 ∙ (𝜑𝑛𝑝 − 𝜑𝑛𝑝
0 − 𝜑𝑝 −

𝜑𝑐𝑟

𝜑𝑎
)

𝑝𝑎 = 𝑏𝑛𝑝 ∙ 𝑝𝑛𝑝                                            

𝜎̃𝑠 = 𝐾𝑚 ∙ (𝜀 − 𝜀𝑎𝑛) − ∑ 𝑏𝑎 ∙ 𝑝𝑎         𝑎

↓ 𝐹𝑟𝑜𝑚 𝑛𝑒𝑤 𝑝ℎ𝑎𝑠𝑒𝑠 𝑡𝑜 𝑙𝑜𝑤𝑒𝑟 𝑠𝑐𝑎𝑙𝑒

↓ 𝐹𝑟𝑜𝑚 𝑙𝑜𝑤𝑒𝑟 𝑠𝑐𝑎𝑙𝑒 𝑡𝑜 𝑚𝑎𝑐𝑟𝑜 𝑠𝑐𝑎𝑙𝑒
     

(7) 

(8) 

(9) 

The interactions between the three equations and the different terms of the equations are 158 

explained in the three following subparts: 159 

 160 

Pressure of new phases (NP) on the lower scale (LS) material 161 

At the lower scale, the inclusion i (i = np at this scale) is the new phases, and the matrix, 162 

𝑚 (m = a at this scale) is the lower scale (LS) matrix. As the expansive inclusions are 163 

formed at the lower scale (Figure 1), the pressure induced by the formation of new phases 164 

on the LS matrix can be defined from Equation (7). 165 

𝜑𝑛𝑝, 𝜑𝑛𝑝
0  and 𝜑𝑝  are defined above and have to be determined per unit of volume of the 166 

lower scale matrix (here the aggregate). 𝑀𝑛𝑝 and 𝑏𝑛𝑝 related to the new phases are 167 

evaluated from Equations (4) and (5). 168 

As the cracks induced by the pressure of the new phases are usually connected with the 169 

cracks at macro scale [48], the volume of cracks 𝜑𝑐𝑟 in which the new phases can migrate 170 

is taken to be the crack volume available in the macro scale material. At the scale of the 171 

aggregate, this volume has to be normalized according to the volumetric fraction of 172 

aggregate 𝜑𝑎  in order to be obtained per unit of volume. Consequently, the impact of the 173 

crack volume on pressure is fully considered at this lower scale. 174 

 175 

Pressure of the lower scale (LS) material on the macro scale (MS) material 176 

At the macro scale (Figure 1), the inclusion i (i = a at this scale) is the aggregate, and the 177 

matrix 𝑚 (m = c at this scale) is the concrete. 𝑀𝑎 and 𝑏𝑎, related to the aggregate, are 178 

evaluated from Equations (4) and (5). 179 
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The material at macro scale subjected to the pressure of the aggregate is under tension. 180 

Because of its low tensile strength, the impact of its rigidity on aggregate pressure is 181 

negligible compared to the impact of the crack volume, which was considered at the 182 

lower scale. The pressure induced by the lower scale (aggregate) on the macro scale 183 

(concrete) can thus be evaluated from Equation (8). 184 

 185 

Consequence on pressure at the macro scale (MS) in case of expansive inclusions having 186 

different sizes 187 

As proposed in [7], [24], [26], the impact of multiple pressures on the macro scale 188 

material can be obtained by summing the pressure, taking Biot coefficients into account. 189 

The constitutive equation for the mean stress 𝜎̃𝑠  at macroscopic scale is then Equation 190 

(9). 191 

In this case of multiple pressures, the volume of cracks of the macro scale material (𝜑𝑐𝑟 192 

in equation (7)) has to be distributed among the different fractions of aggregates (𝜑𝑎 ). In 193 

this work, the distribution is assumed to be proportional to the volume of the new phases 194 

𝜑𝑛𝑝_𝑎 leading to cracking (so the volume of phases higher than 𝜑𝑛𝑝
0  in equation (10)). For 195 

material containing several sizes, a, of aggregate, it is necessary to distinguish the new 196 

phases created by each aggregate: 𝜑𝑛𝑝_𝑎 is the volumetric fraction of new phases created 197 

in aggregate a and 𝜑𝑛𝑝_𝑎
0  is the volumetric fraction of new phases necessary to start 198 

cracking in aggregate a. Thus, the volume of the crack induced by aggregate a is 199 

evaluated by (10): 200 

𝜑𝑐𝑟
𝑎 =

〈𝜑𝑛𝑝_𝑎 − 𝜑𝑛𝑝_𝑎
0 〉+

∑ 〈𝜑𝑛𝑝_𝑎 − 𝜑𝑛𝑝_𝑎
0 〉+𝑎

𝜑𝑐𝑟 
(10) 

 201 

For expansion in quasi-brittle materials, the model considers damage through a coupling 202 

with the modelling presented in [42]: the coupling method consists of affecting 𝜎̃𝑠  by the 203 

damage according to the principle already presented in [11] (Equation (11)): 204 

𝜎𝑠 = 𝜎̃𝑠 (1 − 𝐷) (11) 

The damage variable, D, depends on the permanent strain related to the diffuse cracking 205 

and on the effective stress 𝜎̃𝑠  due to the external loading. 206 
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Creep of the matrix, simultaneous with expansion, is also considered so as to obtain a 207 

realistic evaluation of concrete damage at micro and macro scales [11], [49]: 𝜀𝑎𝑛 is the 208 

inelastic strain due to creep and cracking at the macro-scale. Creep is considered through 209 

the model presented in [41] combined with the damage model proposed in [42] according 210 

to the combination method described in [11]. 211 

3. Cracking 212 

3.1 Diffuse cracking due to pressure 213 

In stress free conditions, the diffuse cracking induced by the pressure can be isotropic 214 

(sulfate attack [38]) or anisotropic (alkali-silica reaction [50], [51], and frost in fired clays 215 

[52]). In the absence of external loading, anisotropic expansion can be explained by the 216 

initial anisotropy of the materials, for instance by the shape and the orientation of the 217 

expansive inclusion (Figure 2). At the scale of the porous material, the mean stress field 218 

is homogeneous. For uniformly distributed spherical inclusions, no direction is 219 

preferential in stress free conditions (Figure 2). In this case, the cracking direction should 220 

be isotropic at the representative volume scale. For flattened inclusions oriented in a 221 

preferential direction, the stress induced by the pressure at the points with the smallest 222 

radius is larger than anywhere else (Figure 2). This leads to anisotropic cracking. The 223 

presence of water pockets under the expansive inclusions can also cause orientation of 224 

cracking [53]. In the absence of loading, this effect can be evaluated through the 225 

following anisotropic cracking criteria 𝑓𝑖 according to 𝑓𝑡, the tensile strength of the 226 

porous material: 227 

{

𝑓𝐼 = 𝑘𝐼 ∙ 𝑝𝑛𝑝 − 𝑓𝑡                 

𝑓𝐼𝐼 = 𝑘𝐼𝐼 ∙ 𝑝𝑛𝑝 − 𝑓𝑡                

𝑓𝐼𝐼𝐼 = 𝑘𝐼𝐼𝐼 ∙ 𝑝𝑛𝑝 − 𝑓𝑡             
 

(12) 

𝑘𝑖 are the stress concentration factors in the three main directions of the aggregate shape 228 

and 𝑝𝑛𝑝 the pressure of the new phases produced in the embedded materials and 229 

responsible for the diffuse cracking. 230 
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If one of these criteria 𝑓𝑖 becomes higher than zero, cracks appear along this direction. In 231 

the absence of loading, the cracks appear first in the plane perpendicular to the direction 232 

having the largest stress concentration factor. 233 

 

Figure 2: Ortho-radial stress state around spherical and penny-shaped inclusions from 

continuous mechanics and resulting cracks 

With the simplified assumption of spherical inclusions, 𝑘𝐼 is independent of the 234 

orientation and can be evaluated in a linear context from the proportion of new phases: 235 

𝑘𝐼 = 𝑘𝐼𝐼 = 𝑘𝐼𝐼𝐼 =
1 + 2 ∙ 𝜑𝑛𝑝_𝑎

2 ∙ (1 − 𝜑𝑛𝑝_𝑎)
 

(13) 

If the material is damaged by multiple pressures, the single stress used in the plastic 236 

criterion at the macro-scale has to consider all the crack initiation possibilities at smaller 237 

scales. For this purpose, the local stress is evaluated in proportion to the pressures 238 
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weighted by the volume of new phases 𝜑𝑛𝑝_𝑎 leading to cracking (so the volume of 239 

phases higher than 𝜑𝑛𝑝
0 ). 240 

According to the geometry of the inclusion, the stress concentration factor can be 241 

dependent on the direction (Figure 2). For orthotropic inclusions, the ratio between the 242 

stress concentration factors in the three main directions (I, II, III) of a penny shaped 243 

inclusion a (Figure 2) is defined by equation (14): 244 

𝑘𝐼𝐼 = 𝑘𝐼𝐼𝐼 =  𝜌𝑎𝑛𝑖 ∙ 𝑘𝐼 (14) 

𝜌𝑎𝑛𝑖 is the rate of anisotropy (less than 1). 245 

If 𝜌𝑎𝑛𝑖 is equal to 1, the cracking in stress-free conditions remains isotropic in the 246 

absence of external loading. If 𝜌𝑎𝑛𝑖 is less than 1, the cracking in stress-free conditions 247 

becomes orthotropic and occurs first in the plane perpendicular to the direction I 248 

(Equation (14), Figure 2). This leads to anisotropic expansions. 249 

3.2 Anisotropy of cracking due to macroscopic stress state 250 

Under anisotropic mechanical loading, expansions are anisotropic [36], [37], [43], [54]–251 

[57]. For different natures of new phases (alkali silica gels or ettringite), a difference of 252 

1 MPa in stress compared to the mean stress in the material is sufficient to cause 253 

anisotropic expansion [36], [38], [54], [58]. 254 

Expansion anisotropy in materials subjected to loading is due to anisotropy of cracking. It 255 

can be explained by the balance between the stresses induced by expansion around the 256 

inclusion and the stresses due to external conditions. In stress free conditions, the 257 

material is subjected to tensile stress around the expansive inclusions and the resulting 258 

crack distribution is theoretically isotropic if the inclusions are isotropic and uniformly 259 

distributed (Figure 3). Under compressive stresses, the tensile stresses are reduced (or 260 

even cancelled by the compressive stresses due to the external loading) in the direction 261 

parallel to the compressive stress and cracking is prevented in the direction perpendicular 262 

to the applied load (Figure 3). The stress state is not modified along the direction 263 

perpendicular to loading and cracking appears when, locally, the stress reaches the tensile 264 

strength (Figure 3). This explains why the cracks are usually parallel to the compressed 265 

direction or to the restraint whatever the nature of the new phases [30], [35], [38], [43].  266 
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 267 

 

Figure 3: Idealized stress state around expansive inclusion, and resulting cracks. Due to 

the stress field shift towards compression, the failure criterion cannot be reached 

perpendicular to the applied compression, but only parallel to it 

Once cracks occur in one direction, the following expansions change since the new 268 

phases can flow into or be formed in the cracks and pressure can be preferentially exerted 269 

perpendicular to the cracks. In cases of compression along two directions, cracking can 270 

occur parallel to the loading plane. In presence of loading, the anisotropic diffuse 271 

cracking can be evaluated through the following criteria 𝑓𝑖: 272 

{

𝑓𝐼 = 𝑘𝐼 ∙ 𝑝𝑛𝑝 + 𝜎̃𝐼 − 𝑓𝑡                   

𝑓𝐼𝐼 = 𝑘𝐼𝐼 ∙ 𝑝𝑛𝑝 + 𝜎̃𝐼𝐼 − 𝑓𝑡               

𝑓𝐼𝐼𝐼 = 𝑘𝐼𝐼𝐼 ∙ 𝑝𝑛𝑝 + 𝜎̃𝐼𝐼𝐼 − 𝑓𝑡             
 

(15) 

with 𝜎̃𝐼 the external stress in the material without damage (effective stress) in the main 273 

direction I of stresses (in this case, the stress concentration factors 𝑘𝐼 are computed in the 274 

main direction of stresses). 275 
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For cracking to occur in stress-free conditions, the local tensile stress, equal to 𝑘𝐼 ∙ 𝑝𝑛𝑝, 276 

has to be greater than the local strength 𝑓𝑡 (Equation (12)). In cases of compressive stress 277 

induced by external loading, 𝜎̃𝐼 is negative (Equation (15)). To lead to cracking, the local 278 

stress induced by the pressure (𝑘𝐼 ∙ 𝑝𝑛𝑝) has to be higher than the sum of the tensile 279 

strength and the absolute value of the compressive stress. 280 

As the loading stress 𝜎̃𝐼 is limited by the tensile strength 𝑓𝑡 in the direction I [42], the 281 

diffuse cracking depends directly on the pressure of the new phases for a material cracked 282 

by external loading. The criterion becomes: 283 

𝑓𝐼 = 𝑘𝐼 ∙ 𝑝𝑛𝑝 (16) 

If the external principal stresses do not coincide with the material main directions, the 284 

stress concentration factors are determined in the principal directions of stresses 285 

according to elliptic approximations. Thus, the cracks orientation is mainly driven by the 286 

external principal stresses which is usually observed in real cases. 287 

3.3 Pressure evolution during diffuse cracking 288 

The volume of new phases changes over time: frost can disappear with increasing 289 

temperature, alkali-silica gels can lose water when exposed to dry conditions, etc. After 290 

such modifications, a large part of the expansion remains unchanged [5], [50], [59], so 291 

the diffuse cracking induced by expansive phenomena does not appear to be reclosed. 292 

This can be explained by the relative displacements of the lips of rough cracks. Lip 293 

displacements lead to irreversible strains. This situation is modelled by means of the 294 

plasticity theory that has already been used to represent permanent strain in quasi-brittle 295 

materials [8], [9]. A plastic criterion is thus used to manage the permanent strain due to 296 

the diffuse cracking induced by the pressure. It has already been used to model ettringite 297 

formation [60] and alkali-silica reaction [61] expansions subjected to stress at macro-298 

scale. In these previous works, the anisotropy of cracking with loading (Figure 3) was 299 

already considered but, in the present paper, the plastic criterion is modified to also 300 

consider a possible initial anisotropy of the material through the inclusion shape. 301 
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The behaviour of quasi-brittle materials subjected to expansion after first cracking has to 302 

be linked to experimental observations performed on specimens under restraint or applied 303 

stresses: 304 

- Under restraint, the expansive mechanism leads to compressive stresses at 305 

macroscopic scale [30], [35]–[38]. In three experimental studies [30], [35], [36], 306 

rigid steel frames were used to strongly restrained expansion in one direction (the 307 

rigidity of the frames were largely upper than the rigidity of concrete specimens). 308 

In these three cases, for concrete expansion due to ASR or ettringite formation, 309 

the free swelling ranges from 0.1% to 8% and the resulting macroscopic uniaxial 310 

stress due to restraint lies between only 1 and 8 MPa [30], [35], [36] (Figure 4). 311 

The relation between free swelling and restraining stress appears to be quite linear 312 

between 0 and about 0.4%, with an increase of 1 MPa per 0.1% of free expansion. 313 

After 4 MPa, the increase of uniaxial stress with the free expansion slows down. 314 

In comparison, for a material with a Young’s modulus of 30,000 MPa, an 315 

expansion of only 0.1% imposed on a perfectly elastic material would lead to 316 

restraint stress of 30 MPa. 317 

- Under applied loading, the application of uniaxial compressive stresses of about 318 

5 MPa is usually sufficient to stop expansion of about 0.2% in the loaded 319 

direction [43], [55]. Beyond this stress, the creep strains in the loaded direction 320 

appear to be the same as for creep in the material without expansion [43], [54], 321 

[55]. 322 

In these experiments, restraint and applied loading were uniaxial, and cracks could 323 

propagate in plans perpendicular to free directions. The new phases can fill this cracking, 324 

which delays the increase of the pressure in the porous materials and thus the resulting 325 

stress. As a result, the restraint stress is not so high as evaluated with the elastic 326 

assumption. 327 
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Figure 4: Restraint stress according to expansion in stress free condition for ASR-

gels and ettringite in different strong restraint conditions [30], [35], [36].  

This behaviour is taken into account through the combination of the pressure equation 328 

(Equation (1)) with the following hardening law (17). First, when cracking occurs, the 329 

volume of diffuse cracks 𝜑𝑐𝑟 increases. The pressure 𝑝𝑖 (Equation (1)) and the resulting 330 

macroscopic stress cannot increase too much. However, the first crack occurs in the 331 

weakest zone of the matrix. The tensile strength of the material after the first cracking 332 

increases continuously. The cracking process can continue only if the pressure grows in 333 

the zone that is not yet damaged. The stress has to increase in the undamaged zone (as 334 

observed in Figure 4) despite the fact that the specimen is free to swell in two directions 335 

(and restrained only in one direction). In this aim, a hardening law is proposed. This law 336 

has to be anisotropic as explained above: 337 

{

𝑅𝑡𝐼 = 𝑓𝑡 + 𝐻 ∙ 𝜀𝑝𝑙
𝐼                  

𝑅𝑡𝐼𝐼 = 𝑓𝑡 + 𝐻 ∙ 𝜀𝑝𝑙
𝐼𝐼                

𝑅𝑡𝐼𝐼𝐼 = 𝑓𝑡 + 𝐻 ∙ 𝜀𝑝𝑙
𝐼𝐼𝐼            

 

(17) 
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with 𝜀𝑝𝑙
𝐼 , the plastic deformation in the main direction I. It represents the diffuse crack 338 

opening in this direction. The sum of the plastic deformations in the three directions is 339 

equal to 𝜑𝑐𝑟, the volume of diffuse cracks due to the pressure: 340 

𝜑𝑐𝑟 = 𝜀𝑝𝑙
𝐼 + 𝜀𝑝𝑙

𝐼𝐼 + 𝜀𝑝𝑙
𝐼𝐼𝐼 (18) 

and 341 

𝐻 = ℎ𝑐𝑟𝑘 ∙ 𝐸 (19) 

with hcrk the relative slope of the hardening law after cracking and 𝐸 the elastic modulus 342 

of the macro scale material before cracking. 343 

Accurate evaluation of stress level for restraint expansions is obtained by the combination 344 

of this hardening law with damage (Equation (11)) and creep modelling. The steeper the 345 

slope of the hardening law after cracking, the higher the restraint stress obtained for a 346 

given expansion. Figure 4 shows that the hardening law can be approximated by a linear 347 

law for expansion lower than about 0.4%. The law should be nonlinear for higher 348 

expansion (or at least bi-linear for the domain after cracking to consider the stiffness 349 

decrease of the matrix). In this paper, ℎ𝑐𝑟𝑘 is equal to 0.025 except when this parameter is 350 

the object of a parametric study.  351 

For triaxial compressive applied loading, pressures first have to counteract the 352 

compressive stress before inducing tension and have to be still greater to cause cracks. 353 

For such multiaxial loading, the experiments in the literature show that the measured 354 

volumetric expansion decreases [56], [57]. In the model, as long as the cracking criterion 355 

(Equation (15)) is not reached, the volume of cracking, 𝜑𝑐𝑟, stays equal to zero and the 356 

pressure 𝑝𝑖 increases (Equation (1)). As the pressure increases, 𝜑𝑖
0, the volumetric 357 

fraction of new phases leading to small expansion also increases (Equation (2)) to 358 

reproduce the dependence on pressure of the migration of phases in connected porosity 359 

[56]. Thus, the pressure can never be too high even for triaxial compressive applied 360 

loading [61] and the resulting volumetric expansion decreases. 361 

The implementation of this model is based, first, on a classical implicit return mapping 362 

algorithm [62] to solve the elasto-plastic problem, then the damage model [42] is applied 363 
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to the stresses deduced from the poro-plastic solution. The return mapping algorithm and 364 

the damage models are implemented in a non-linear finite element code. The method 365 

consists of first computing the evolution of the chemical reaction [63] versus the time 366 

step. Then, assuming visco-elastic behaviour of the poro-mechanical media, pressure and 367 

stress increments are computed according to the increment of strain. Once these 368 

increments have been added to the values of the last time step, the plastic criteria (15) are 369 

tested. If the criteria are exceeded, plastic flow is activated to return to the yield functions 370 

through the return mapping implicit method and the admissible stress state and pressure 371 

state obtained are used in the damage model to assess the apparent stress state. The finite 372 

element algorithm then computes the balance between the external forces applied to the 373 

structure and the internal forces corresponding to the stresses. If a force balance is not 374 

reached, the algorithm corrects the displacement field until equilibrium is reached.  375 

4. Applications 376 

The aim of this part is to evaluate the capability of the model to reproduce expansions in 377 

concrete in several situations. The validation is performed on concrete subjected to 378 

expansion due to alkali-silica reaction drawn from [50], [54]. In this study, the expansion 379 

occurred in reactive silica embedded in non-reactive limestone for two sizes of 380 

aggregates (Table 1). Thus, upscaling and calculations based on several pressures were 381 

used. The Young’s moduli of the new phases, aggregate and concrete were taken to be 382 

7 GPa [64], [65], 60 GPa [43] and 37.3 GPa [50] respectively. The moduli of the different 383 

phases used in the calculations are given in Table 2. The concrete tensile and 384 

compressive strengths were 4 and 38.4 MPa [50]. The behaviour of concrete in creep is 385 

available in [54]. 386 

In this application, the advancement was evaluated through mass balance equations 387 

solved for each size of aggregates, taking account of alkali diffusion (Equation (20)) and 388 

reactive mechanisms deduced from alkali fixation by ASR-gels (Equation (21)) [63]: 389 

{
 
 

 
 𝑝𝑎𝑔𝑔𝑆𝑟

𝜕[𝑁𝑎+]

𝜕𝑡
= 𝑑𝑖𝑣(𝐷𝑎𝑔𝑟𝑎𝑑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  [𝑁𝑎+]) −

𝜕𝑁𝑎𝑓

𝜕𝑡

𝜕𝑁𝑎𝑓

𝜕𝑡
=
〈[𝑁𝑎+] − [𝑁𝑎+](𝐶𝑎,𝑇)

𝑡ℎ𝑟 〉+

𝜏𝐴𝑆𝑅
                               

 

(20) 

 

(21) 
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with pagg the aggregate porosity, Sr the degree of water saturation, [Na+] the alkali 390 

concentration in solution, 𝑁𝑎𝑓, the amount of alkali bound in ASR-gels, 𝐷𝑎 ,  the 391 

coefficient of diffusion of alkali in the aggregate, 𝜏𝐴𝑆𝑅, the characteristic time of silica 392 

attack and [𝑁𝑎+](𝐶𝑎,𝑇)
𝑡ℎ𝑟  the alkali concentration threshold below which the reaction 393 

products cause negligible expansion. This threshold depends on temperature T and 394 

calcium concentration, [𝐶𝑎2+]. In first approach, empirical relations can be used: 395 

{
[𝑁𝑎+](𝐶𝑎,𝑇)

𝑡ℎ𝑟 = 1540 ∙ 𝑒𝑥𝑝 [−
205900

𝑅
∙ (
1

𝑇
−
1

𝑇0
)] ∙ [𝐶𝑎2+]                 

[𝐶𝑎2+] = 0.357 ∙ 𝑒𝑥𝑝(386.8 ∙ [𝑁𝑎+] − 0.01 ∙ 𝑇 − 1.36 ∙ [𝑁𝑎+] ∙ 𝑇)

 

(22) 

 

(23) 

With T in Kelvin and 𝑇0, equal to 293 K. 396 

Usually, the molar ratio between silica (SiO2) and alkali (Na2O) present in ASR-gels in 397 

laboratory conditions is about 5 [64], [66]. The advancement of ASR-gel moles produced 398 

by one size of aggregate is then equal to the number of moles of silica attacked by alkalis 399 

divided by the maximal number of moles of the new products which can be formed in the 400 

aggregate: 401 

𝐴𝑎(𝑡) =

5
2
𝜕𝑁𝑎𝑓
𝜕𝑡

𝑛𝑖
𝑚𝑎𝑥  

(24) 

The fraction of new phases created before cracking, 𝜑𝑟𝑒𝑓
𝑎 , per volume of aggregate a 402 

(Equation (2)) was evaluated from the surface area of the aggregates. In this work, it was 403 

taken to be: 404 

𝜑𝑟𝑒𝑓
𝑎 = 1 −

(𝑅𝑎 − 𝑑𝑟𝑒𝑓)
3

𝑅𝑎
3  

(25) 

with 𝑅𝑎 the mean radius of the aggregate a and 𝑑𝑟𝑒𝑓 the distance used to evaluate the 405 

volume of new phases created before diffuse cracking. In reality, the volume of new 406 

phases formed before cracking is partly included in the aggregate porosity. For the sake 407 

of simplicity, only an average distance, 𝑑𝑟𝑒𝑓, around the aggregate is considered. It is 408 

assumed not to depend on the aggregate size. The reference pressure (Equation (2)) is the 409 

pressure leading to the first diffuse cracking. 𝑝𝑟𝑒𝑓 depends on the tensile strength of the 410 
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porous material, 𝑓𝑡, and on aggregate shape through the stress concentration factor 𝑘𝐼 411 

(Figure 2): 412 

𝑝𝑟𝑒𝑓 =
𝑓𝑡
𝑘𝐼

 
(26) 

 413 

Table 1: Distribution of the aggregate embedded in the concrete studied [50], [54] 

Aggregate reference (a) Aggregate size (mm) 𝜑𝑎  𝑏𝑎 

1 4-12 0.10 0.19 

2 12-20 0.32 0.49 

 414 

Table 2: Mechanical properties of the different phases 

Properties New phases Aggregate Concrete 

Young’s modulus (GPa) 7 60 37.3 

Poisson’s ratio 0.2 0.2 0.2 

Bulk modulus K (GPa) 3.9 33.3 20.7 

Shear modulus µ (GPa) 2.9 25 15.5 

 415 

4.1 Anisotropy in stress-free conditions 416 

The model is first used to reproduce the anisotropic expansion due to a natural defect of 417 

the materials (Figure 2). In concrete, water pockets can form under aggregate particles, 418 

leading to stress concentrations (Figure 2) and thus to anisotropy [43], [53]. For the 419 

aggregate used in these experimentations, expansion was anisotropic in stress-free 420 

conditions: twice as large in the vertical direction as in the horizontal ones (circles in 421 

Figure 5). Isotropic expansion (calculated as the average expansion in the three directions 422 
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to obtain the same volumetric expansion – triangles in Figure 5) was first modelled with 423 

the following parameters: 424 

- the coefficient of diffusion of alkali in aggregate, 𝐷𝑎: 5.e-14 m²/s, 425 

- the characteristic time of silica attack, 𝜏𝐴𝑆𝑅: 400 days, 426 

- the molar volume of new phases, 𝜑𝑛𝑝
𝑚𝑜𝑙: 15.5 cm3/mol, 427 

- the average distance used to represent the volume of new phases created before 428 

diffuse cracking, 𝑑𝑟𝑒𝑓: 5 µm. 429 

The four parameters have been calibrated on the experimental data to reproduce the 430 

isotropic expansions (Figure 5). They can be compared to experimental data of the 431 

literature. The coefficient of diffusion of alkali in aggregate is smaller than the 432 

coefficients measured in [67]. But such measurements are scarce, and the technique used 433 

in this experimental work can be not totally representative of mechanisms occurring 434 

during ASR-attack. The characteristic time of attack is slightly larger than the time 435 

determined in [68] for opal, which can be expected due to the difference of silica nature 436 

(opal is more reactive than aggregate used in this application). Molar volume of synthetic 437 

gels similar to natural ASR gels in solution was measured to be between 17 and 24 438 

cm3/mol depending on the composition of the gels [69]. The calibration is thus in good 439 

agreement with these experimental values obtained on synthetic gels. As 𝑑𝑟𝑒𝑓 is an 440 

average distance, it cannot be directly compared to microscopic observations. However, it 441 

can be supposed to be realistic as it is lower than usual interfacial transition zone between 442 

aggregate and cement paste which can reach 20 µm [70], [71]. 443 

𝜑𝑛𝑝_𝑎, the volume of new phases of the aggregate a at the time step t (Equation (7)), is 444 

proportional to the molar volume of new phases 𝜑𝑛𝑝
𝑚𝑜𝑙 according to the advancement of 445 

the reaction (Equation (6)). In this calculation, it leads to final volumes of gel 𝜑𝑛𝑝_1 and 446 

𝜑𝑛𝑝_2 respectively equal to 1.9e-2 and 0.9e-2 m3 of new phases per m3 of aggregate 447 

(Table 3). As the kinetics is partly driven by ionic diffusion in spherical particles, the 448 

volume of new phases is the largest in the smallest reactive aggregate. The Biot 449 

coefficients and moduli computed for the new phases are given in Table 3. The Biot 450 

coefficient of the new phases in the smallest aggregate is larger than that in the largest 451 
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aggregate because of differences of volume of the phases. In this experiment, not all the 452 

reactive silica was consumed at the end of expansion. If all the silica had been consumed 453 

in all the aggregates, the same volume of new phases would have been created per 454 

volume of aggregate and thus the Biot coefficients would have been equal for the two 455 

aggregates. 456 

The rate of anisotropy, 𝜌𝑎𝑛𝑖, is then calibrated (and taken equal to 0.83) to obtain the 457 

anisotropic expansion (Figure 5). The criterion proposed in Equations (15) and (16) used 458 

with Equation (14) to obtain anisotropic cracking is then effective to reproduce the 459 

anisotropy of expansion in stress-free conditions with the same parameters (𝜑𝑛𝑝
𝑚𝑜𝑙 and 460 

𝑑𝑟𝑒𝑓) as the averaged isotropic expansion. The formulation of the plasticity law for 461 

materials with high anisotropy of expansion in stress-conditions is thus validated. This 462 

feature of the model should be also supported by the comparison with expansion of the 463 

same material submitted to other stress levels. But experimental data with high 464 

anisotropic expansion are scarce and no experimental program have supplied data under 465 

various stress state for such materials. 466 

 

Figure 5: Isotropic or anisotropic stress-free expansion (circles: experimental points 

[50], triangles: averaged isotropic expansion deduced from experimental points, lines: 

modelling) 
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Table 3: Final volume of new phases and Biot coefficient and modulus for each 

aggregate class 

Aggregate size mm 4-12 12-20 

𝜑𝑛𝑝_𝑎 - 1.9e-2 0.9e-2 

𝑏𝑛𝑝 - 3.8e-2 1.8e-2 

𝑀𝑛𝑝 GPa 199. 429. 

 467 

4.2 Expansion under restraint 468 

The dependence of expansion on stress has to be well reproduced in order to obtain 469 

relevant modelling of real cases in specimens subjected to gradients or in real structures 470 

subjected to external loading or restraint due to boundary conditions. In the macro 471 

modelling proposed in [11], [61], which is efficient to reproduce structural behaviour, the 472 

Biot modulus and coefficient were used as calibration parameters to reproduce the 473 

behaviour of concrete subject to expansion and under mechanical loading and restraint. In 474 

the present work, the Biot modulus and coefficient are determined from the volume of 475 

new phases and from the mechanical properties of concrete, aggregate and new phases. In 476 

this case, only the slope of the hardening law after cracking ℎ𝑐𝑟𝑘 in equation (18) is 477 

unknown. This parameter allows the pressure growth to be determined during the 478 

cracking process needed to explain the longitudinal stress increase observed in the 479 

experiments reported in Figure 4. The present paper proposes a parametric study to verify 480 

the capability of the model to reproduce the dependence of expansion on stress with only 481 

the slope of the hardening law as calibration parameter. 482 

The impact of ℎ𝑐𝑟𝑘 on restrained stress is studied first. Three sets of parameters (Table 4) 483 

are determined for three significantly different values to obtain the same stress-free 484 

expansion (about 0.17% of isotropic linear expansion in Figure 5). The greater the slope 485 

of the hardening law, ℎ𝑐𝑟𝑘, the greater the pressure increase and the axial stress after 486 

cracking. In consequence, the molar volume 𝜑𝑛𝑝
𝑚𝑜𝑙 necessary to obtain the same stress-487 

free expansion has be to larger for a greater ℎ𝑐𝑟𝑘. This is due to the fact that, when 488 
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pressure growth is possible (when ℎ𝑐𝑟𝑘 is great enough), the amount of gel migrating to 489 

the connected porosity also increases (see Equation (2)), so the amount of gel remaining 490 

in the inclusion to maintain the pressure would be smaller if the molar volume was not 491 

increased artificially to retrieve the correct free swelling. 492 

 493 

Table 4: Modelling parameters for the study of restraint stress 

ℎ𝑐𝑟𝑘 𝜑𝑛𝑝
𝑚𝑜𝑙 𝑑𝑟𝑒𝑓 

- (cm3/mol) (µm) 

0.002 14. 4.5 

0.025 15.5 5. 

0.2 27.5 6. 

 494 

Expansion under uniaxial restraint is then modelled. In this aim, the strain has been set to 495 

zero in the restraint direction. The numerical restraint stresses are plotted in Figure 6 for 496 

the three values of slope: the greater the slope, the larger the restraint stress. For ℎ𝑐𝑟𝑘 497 

equal to 0.002, the restraint stress is close to zero. This means that the pressure remains 498 

almost constant during crack propagation, as can happen for very fluid new phases 499 

(Figure 4 and Figure 7). In most cases, the restraint stress is about 1 MPa for 0.1% 500 

expansion and up to 0.4 or 0.5% expansion (Figure 7). A correct mean representation is 501 

obtained for a slope of about 0.025 (restraint stress of about 1.65 MPa for a final isotropic 502 

expansion of about 0.17%, Figure 7). For ℎ𝑐𝑟𝑘 equal to 0.2, the calculation is closer to the 503 

elastic calculation than in the previous cases and restraint stress becomes too high (Figure 504 

6 and Figure 7). The end of the production of new phases occurs at about 180 days and 505 

free expansion stabilizes by this date (Figure 5). For restraint expansion, after the 506 

stabilization of expansion, a decrease of the restraint stress can be observed (Figure 6). It 507 

is due to the concrete relaxation, which is caused by the concrete viscoelastic behaviour, 508 

here, fitted on creep tests [41]. 509 
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Figure 6: Restraint stress for an expansion of about 0.16% according to hcrk 

 510 

In this paper, the calibration of the parameter ℎ𝑐𝑟𝑘 has been performed to obtain a 511 

restraint stress of about 1 MPa for an expansion in stress-free conditions of about 0.1% 512 

(ℎ𝑐𝑟𝑘 equal to 0.025). It is a usual mean value for expansive mechanisms under restraint. 513 

The modelling validation is performed in Figure 7 with the comparison with several 514 

experimental studies [30], [35], [36]. These works were performed for different initial 515 

materials and different new phases (ASR or ettringite). The modelling is able to evaluate 516 

the stress for restrained expansion of the three experimental studies, if expansion in 517 

stress-free condition is lower than 0.4%. A non-linear hardening law could give better 518 

results for larger expansions but the calculations would be more time-consuming (in 519 

cases of linear hardening, the implicit return mapping algorithm converges in one step 520 

only, which is no longer the case for nonlinear hardening). For phenomena with greater 521 

expansion (delayed ettringite formation, sulfate attack), a multi-linear description could 522 

lead to a more realistic evaluation without consuming too much computational time. 523 

In some experiments, very small stress was noted for material with large potential for 524 

expansion in stress free conditions (Figure 7, [35]). It was due to exudation of products 525 

out of the specimens as observed by the authors of [35]. Such phenomena are not intrinsic 526 
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to the material and should not be reproduced by material modelling but by coupled 527 

modelling as proposed in [72]. Future works will combine the present modelling with 528 

transport modelling to reproduce such mechanisms. 529 

 

Figure 7: Restraint stress according to expansion in stress free condition, comparison 

with modelling according to hcrk (from 0.002 to 0.2), experimental data from [30], [35], 

[36] 

4.3 Irreversibility of expansion during drying  530 

The aim of this part is to analyse the ability of the model to reproduce the behaviour of 531 

concrete undergoing first expansion then drying shrinkage. After 650 days of expansion 532 

for the concrete analysed in part 3.1, specimens were exposed to air at 30% RH [50]. 533 

When the new phases due to alkali-silica reaction dried, their volume decreased because 534 
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For the calculations below, the same parameters as in part 3.1 are used for expansion. 537 

Drying shrinkage is obtained through the Van Genuchten model [73] as explained in [41]. 538 

In this case, Equation (9) becomes: 539 

𝜎̃𝑠 = 𝐾𝑑 ∙ (𝜀 − 𝜀𝑎𝑛) −∑𝑏𝑎 ∙ 𝑝𝑎 − 𝑏𝑤 ∙ 𝑝𝑤
𝑎

 
(27) 

with 𝑏𝑤, the Biot coefficient of water (dependent on the saturation degree of the porosity 540 

in the material). 𝑝𝑤 is the pressure due to water, which is negative in case of shrinkage 541 

(due the capillarity effect) and zero during swelling in water. The pressure 𝑝𝑤 is 542 

modelled using the Van Genuchten model [73]: 543 

𝑝𝑤 = −𝑀𝑠ℎ𝑟 ∙ (𝑆𝑟
−

1

𝑚𝑣𝑔 − 1)

(1−𝑚𝑣𝑔)

  

(28) 

𝑀𝑠ℎ𝑟 and 𝑚𝑣𝑔 can be calibrated on the water retention curve or on the evolution of 544 

shrinkage strains. 545 

 546 

In the present work, the Biot coefficient of water 𝑏𝑤 has been evaluated from the 547 

concrete porosity (16%) [74]. It is equal to 0.4 for this concrete in case of total saturation. 548 

𝑚𝑣𝑔 has been taken equal to the usual value 0.5, and only 𝑀𝑠ℎ𝑟 has to be calibrated. 𝑀𝑠ℎ𝑟 549 

is evaluated to reproduce the shrinkage strain on a concrete which has never been 550 

damaged by ASR (Figure 8-a). It is equal to 32 MPa, which is a usual value for concrete 551 

[41]. The validation of the model is performed on the same concrete which is submitted 552 

to the same drying but after ASR expansion (Figure 8-b). After expansion occurring in 553 

water, concrete shrinks with the usual dependence on water pressure (Figure 8-b). 554 

Cracking induced by the formation of the new phases did not change the amplitude of 555 

shrinkage significantly since the experimental results could be found without changing 556 

the coefficients of Equations (27) and (28) after swelling. The decrease of ASR-gel 557 

volumes induced by the drying did not impact the irreversible expansion: they were either 558 

filled by crystallized phases or were impossible to reclose simply because of the 559 

roughness of their lips. Figure 8-b shows that the behaviour observed on specimens can 560 

be reproduced by a basic combination of poromechanics (Equation (27)) with the linear 561 

anisotropic plasticity used in the constitutive equations. 562 



27 

  

(a) (b) 

Figure 8: Calibration of shrinkage parameters on concrete which has never been damaged 

by ASR (a) and validation on the same concrete which is submitted to the same drying, after 

ASR expansion (b) (circles: experimental points [50], lines: modelling) 

4.4 Damage due to pressure gradient 563 

In the previous analysis, homogeneous conditions were assumed so as to analyse the 564 

response of the model from a material point of view without disturbance due to gradient 565 

effects. In reality, the specimens analysed just above were kept in water. Such storage 566 

leads to a pressure gradient due to alkali leaching: close to the specimen skin, alkalis 567 

leach out rapidly and cannot participate in the chemical reaction. As a result, chemical 568 

advancement is slower close to the skin than in specimen cores, which leads to pressure 569 

gradients and skin cracking. In the calculations, the risk of skin cracking and the cracks 570 

opening is evaluated by the model presented in [42]. The model is regularized with 571 

Hillerborg anisotropic method to avoid mesh dependence [75]. The calibration of the 572 

expansion curves in the two directions (Figure 9) is obtained for a molar volume of new 573 

phases, 𝜑𝑛𝑝
𝑚𝑜𝑙, equal to 22.1 cm3/mol, an average distance over which the new phases can 574 
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move without causing cracking, 𝑑𝑟𝑒𝑓, equal to 7 µm, and the anisotropy ratio, 𝜌𝑎𝑛𝑖, equal 575 

to 0.82. The radial deformation is the radial displacement in P1 divided by the specimen 576 

radius, and the vertical deformation is the vertical displacement in P2 divided by the 577 

measurement basis (five centimetres above the symmetry axis as during experimentation 578 

– Figure 10). As a fraction of the reactants does not participate in the attack because of 579 

their leaching, the molar volume has to be slightly higher than in the previous 580 

calculations to obtain the same expansion. The gradient of advancement due to alkali 581 

leaching leads to the pressure gradient presented in Figure 10-a. Thus, tensile stresses at 582 

the external surface of concrete specimens (Figure 10-b) are sufficient to cause localized 583 

cracking with openings larger than 100 µm (Figure 11), which is the cracking often 584 

observed on specimens in laboratory and real structures. Such a gradient can be induced 585 

by leaching or drying according to the environmental conditions (open cracks visible 586 

without microscopic tools, Figure 12) [1]. The diffuse cracking due to pressure is usually 587 

finer and forms a denser network (one or two cracks per aggregate [48]) and can also be 588 

observed on real structures sometimes (Figure 12). 589 

 590 

  

Figure 9: Comparison of calculated expansion and experimental data (circles: 

experimental points [50]) 
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(a) (b) 

Figure 10: Pressure gradient due to alkali leaching (a) and induced stresses (b) just 

before skin cracking (in MPa) 

 
Figure 11: Cracking due to pressure gradient at the end of the test 
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 591 

 

Figure 12: Diffuse and localized cracks on column damaged by expansive 

phenomena 

 592 

Investigations showed that expansive materials were usually subjected to a pressure 593 

gradient due to environmental conditions, even in laboratory tests performed on small 594 

specimens. Gradients of temperature, moisture or ionic species lead to gradients of 595 

pressure. Such gradients can lead to localized open cracks on the skin or in the core of 596 

specimens. This strongly impacts the expansion measurements and the consequences in 597 

terms of material damage evaluated on specimens. Diffuse and localized cracking do not 598 

have the same impact in terms of strength and rigidity decreases and of transfer 599 

properties. In the future, models will have to assess the crack opening due to pressure 600 

gradients in real structures as it will impact the durability of the structure through the 601 

induced modifications of transfer properties. Such an assessment can be performed from 602 

crack openings for localized cracks or for diffuse cracking. Therefore, modelling of 603 

expansive phenomena should be able to distinguish between diffuse damage due to 604 

pressure and localized damage due to gradient. In this work, the distinction is achieved by 605 

combining the plasticity modelling, used to represent the permanent strain due to diffuse 606 
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cracking induced by pressure presented above, with the damage modelling presented in 607 

[42]. 608 

4.5. Discussion 609 

The previous calculations were performed in the framework of poromechanics. The Biot 610 

coefficient and modulus depend on the mechanical properties of the materials and on the 611 

volume of porosity filled by the new phases. For the multi-scale modelling used to assess 612 

the impact of alkali-silica reaction, the Biot coefficients of new phases in aggregate, 613 

evaluated through Equation (5), lie between 3.8e-2 (in homogeneous conditions) and 614 

5.4e-2 (in the calculations with gradient) in the smallest aggregate (4/12) and between 615 

1.8e-2 and 2.5e-2 in the largest one (12/20) at the end of the calculated expansion. These 616 

values are consistent with previous calculations performed for other new phases formed 617 

in concrete [12], [13]. The Biot coefficients of aggregate in concrete reach about 0.2 in 618 

the smaller aggregate (4/12) and 0.5 in the larger aggregates (4/12). This is consistent 619 

with modelling that evaluates the expansion from the action of the aggregate on the 620 

concrete [26], [61], [76] without representation of aggregate damage. It is usually 621 

performed in structural calculations. The modelling proposed in this paper makes the link 622 

between the two scales. Taking the shape of cracks into consideration could lead to 623 

slightly larger coefficients [26], [40]. This means that the present modelling could 624 

underestimate the percentage of expansion due to pressure and thus slightly overestimate 625 

the percentage due to cracking. Pressure due to the formation of new phases and 626 

evaluated by the present modelling lies between 10 and 15 MPa. These values are 627 

consistent with usual values measured for such new phases [77], [78] or evaluated 628 

through theoretical approaches [79], [80]. It is also a validation of the mechanical 629 

developments proposed in this paper. 630 

  631 
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5. Conclusion 632 

The main consequences of expansion in quasi-brittle materials are: anisotropic induced 633 

cracking due to natural causes or due to external loading, stress for restrained expansion, 634 

irreversibility of diffuse cracking and localized cracks due to pressure gradients. 635 

A model of expansion in quasi-brittle materials has been proposed. It is based on 636 

poromechanics and on a plastic, anisotropic criterion to represent permanent strain due to 637 

diffuse cracking caused by pressure. Thus the anisotropy of cracking is induced by the 638 

addition of local stress due to pressure and external loading. Equations have been 639 

proposed for multiple pressures to take account of the effects of differences of 640 

advancement in the formation of new products on pressure and induced damage. 641 

The following physical phenomena can be reproduced by the model: 642 

- Anisotropy of expansion and cracking due to the initial anisotropy properties of 643 

the material, 644 

- Induced stress in conditions of restraint, 645 

- Irreversibility of expansion during drying periods, 646 

- Shrinkage of cracked drying concrete previously affected by expansion, 647 

- Combination of diffuse damage due to expansion and localized damage due to 648 

gradient. 649 

The importance of diffuse cracking in the mechanisms of expansion in concrete has been 650 

highlighted. This mechanical behaviour is strongly dependent on the mechanical 651 

properties of the material subjected to expansion and particularly to properties in tension: 652 

first for the diffuse damage and the direction of cracking due to pressure and, second, for 653 

the localized cracks due to pressure gradient. The latter point introduces the 654 

quantification of localized crack opening to evaluate the consequences of damage due to 655 

a skin gradient in terms of mechanical and transfer properties. Cracks are usually 656 

observed along reinforcements in structures subjected to expansion. These cracks shorten 657 

the service life of damaged structures and the reduction can be evaluated from the crack 658 

opening. This is an important issue when modelling the durability of structures affected 659 

by expansion. 660 
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